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Problem 1:
Show that Pauli’s equation,
1 he e-_., eh _ = 0
[%(gv - EA(F)) T ome’ B(M)]aptp(r) = Zhai/}a(F)

can be more compactly written as
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Show that the equation in a rotated frame,(r; = R;;r; etc.)
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is indeed given by the rotated form of the original equation, i.e.,

1

R (F7) - 3)F(7)  0)]000(7) — iy (7)) = 0

This demonstrates the rotational covariance of the Pauli equation.
b. Show that the following Maxwell’s equation

e
o, FH = —J#
c
is Lorentz covariant, i.e., the equation in another Lorentz frame
e
/ / /
o, F'* = - J*
c

is equivalent to the Lorentz transform of the original equation

AP (9 O — Z‘]ﬁ) =0

Answer:



Using 040 = ;5 + i€;,0% or also from the fundamental product rule of
geometric algebra, we obtain the familiar relation,

(0-A)(oc-B)=A-B+ioc-(AxB)

With
(I 0
o (@ () - 0) R (7) - F)aps () = ihgtpa(T)
we have
%W +io - (7 X m)]aptbp = ihda

where the vector arrows and their respective functions have been supressed.
Plugging in for 7

1 e . e e .
Tm[(p - EA)2 +io - (p— EA) x (p— EA)]a,BQ/Jﬁ = ihdya
L= Ca)2—i% (px A+ A x p)lagihs = i
om p ¢ ’LCO- D P)lapW¥p = thOtPo

The cross product terms can be evaluated, as is also done in Ryder p.54 by,

[pi, AJ] = —ZhalAJ
Subtracting,

[pi, Aj] — [pj, Ai] = —ih(0i A — 0; As)
Multiplying by €;;,

(PiA; — pjAi)eiji + (Aipj — Ajpi)eiji = —ih(0;A; — 0 A;)€ijk

Summing over ¢ and j give the k component of fihé, therefore, we can use

pXx A+ Axp=—ihV x A= —ihB
I now have

o= A~ i (Bt = b

which, unsupressing vector signs and functional dependence, is

(5 (49 = SA)? — S B apa(7) = iyl
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To demonstrate the rotational covariance of the Pauli equation, we need to
show that this:



<

Ras (51 (77 - ) (7))} (7) — oo (7)) = 0
equals this:

Lo

S () B)F ) - Dasth(7) = ih o, ()

2m
In order to simplify my life, I'm going to drop the functional dependence
notation, the vector hats, and for a trial run, even the indices. This will better
demonstrate the overall idea. Watch out for the indicies, as they can make life
harder than it really is. The solution sketch goes like this:

9

R{[r-0)(x - o)} = o

R{fr-o)(r - )[R0} = £

R{r- )RIR(r - )| RIw'} = Lo

ot
R R 1= Oy
(m - oR)(m - oR)W =
0
(x - ) o)’ = i

Now, in order to make things grossly explicit, I'm going to put in indicies
and keep track in glory detail. First I need to change 3

Y = 0paPx = RLpRpMP,\ = R;p%
So we have, including the indicies and simply rotating the right side term,

1 0,
Ra {5 A(mioi) (mhow)lyods}t = ihg i

Substituting my g, the left hand term becomes
av%[(mﬂi)(ﬂkak)]wR};p%
Inserting an identity matrix right smack in the middle, we have

1
2m
If T use the property, o;R;, = RoiRT, I conclude that the left hand side
becomes

0
RCW(Wiai)%R})\R/\e(ﬂ'kUlc)e,BRgpwlp = zh&%

1
%(WinRji)a)\(ﬂ'kUiRik)pr;



Using, 7 = Rj;m;, this becomes

1
%(Wéaj)m(”éai)xpw;

Lets simplify those indicies and our equation is now

1 / !/ !/ - a /
% [(ﬂ—jaj)(ﬂiai)]ap(bp = Zhadja

As the p’s are of course just dummies, we have

S [7) - 8) R 07) - agto(7) = i ()
which demonstrates the rotational covariance of the Pauli equation.
Part b.
If we evaluate
Ny (0P = = 7%) =0

we have
€
NGO PP = M=% =0
A9 — S =0
c
A9, o = S
C

Using, A%, 0% = 9'”, and applying an inverse transformation, yields,
Ayaa/y — AVQAVaaa
Ayaall/ — aa
A" 0l = D,
Plugging this into 9,

AP (AL, )FP = S g

ﬁ( « V) c

oA Ay, e =
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therefore this Maxwell equation is Lorentz covariant.

Problem 2:
The Klein Paradox. Consider a one dimensional potential barriar problem for
the KG equation for which

Hclassical = \/Zm +V

{vo x>0
V:
0 z<0

For stationary state solutions
$w,t) = e f(x)
we have
f(z) = Ae'*® 4 Be™™** gk =\/E2—m? z<0
f(z) = CeEe K=+(E-V)?2?-m? >0

We expect that for Vo > E — m = kinetic energy (the non-classically allowed
case) K is imaginary so that f(x) is purely damped. Show that this expectation
is NOT borne out for Vy > E + m. Draw the energy spectrum for both regions
x < 0 and x > 0; try to explain the paradox.

Answer:

The expectation that K is imaginary is not borne out when Vo > E +m
because K? is now positive. This can be seen by just plugging

Vo>E+m

into

K2:(E—%)2—m2

where the first term will now be larger than m?. We would normally expect
the wavefunction to be even more strongly damped, since Vy > E + m, but
because K2 > 0 we have a region which is oscillatory like the region = < 0.
Basically, a particle can be confined in the region z < 0 and tunnel through
the region where z > 0 and Vy > E — m, and then behave like it was in an
attractive potential in region * > 0 and V > E + m. Despite the fact that
V > E + m seemingly implies it would behave like a particle in a very strong
repulsive potential.

The free-particle solutions to the Dirac equation exhibit an energy spectrum
from —m to —oo and from m to oo. The condition to have negative energy
oscillatory solutions with an applied small positive potential is:



—co< EFE<—-m+V

From this we can see that £ doesn’t have to be negative. One way to explain
the Klein-Gordon paradox is that we have a negative energy solution despite
E > 0. We would just increase V' enough so an oscillatory negative energy solu-
tion can have the same positive energy as an oscillatory positive energy solution
where z < 0.

Problem 4:

a. Show that 0.s€°40,5€™ ¢y = 0% ...

b. Show that if ¢ obeys (—9? +m?)¢, = 0 , so does x.

Answer:
Substituting 9,; = (0,,),;0" and € = €% = igy we will have
Do g™y, = cc@“(i02)éd(0u)aaay(i02)ab¢b
ce\l ) (O'u)aa (ZGQ)Gbaﬂayd)b

(ioa
CC(“T) ( )aa(wﬁ)abaﬂav(bb
cc(O—V)CbaMay(bb
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Where I used 090! 09 = —0; in the last step. Now applying the anticommu-

nitive property of the matrices,
{U ) UV} = 2&;

Then I've got

1 1
(UMUV)Z = i{aw Uv}[é =3 2{5;11/}5; = {5;“/}{;

Therefore

(0u)ec(00) 00" (8u)¢0" 0"
0"0u¢.

= P¢.

which is what we set out to prove. ‘ O ade“bgbb = 0%¢. |

For part b, we know that ¢ satisfies (—9% +m?)¢, = 0, so to prove
(*52 + m2)Xc =0
we shall start with
D€ Xa = may
and multiply by .. to get
3cc'60b3bj,€ba>€a = Occ€Pmay,

Applying our property that we proved in part (a), we may write the left
hand side as

Dec€ D€ Xa = 0 Xe
So we have
9*Xe = Oecemay
USing acéGCb¢b = MX¢,

O*xe = m*Xe
This is

| (=0% +m?)x =0 |




Problem 5:

a. Denote the set of 16 y-matrices by P = (1,75, Yu, ¥5Yu, O ). Find their
trace. Show that (1,7vs,7,) are linearly independent.

b. Simplify v*v,, Y"*7" Y., and vHy7yPy,,.

c. Find Tr(y"4"), Tr(y77"4"), and Tr(y"9"'77).

Answer:

Tr(1) =4

as these are four by four matrices. In a particular representation, say the
standard Dirac-Pauli representation, we have for ~s:

Tr(fys)Tr( _OI _OI > =0

but this is true as the trace of any odd number of gamma matrices is zero.

Tr(vs) = Tr(mimivs) = —Tr(mvsm) = —Tr(v' ' vs) = =Tr(7s)

Tr(ve) = Tr(vsvsvu) = =Tr(vsvuys) = =Tr(vsv57u) = =T7r(v,)

As it is equal to its negative, it must vanish.
Tr(y,) =0

Tr(vsvu) = =Tr(vuys) = =Tr(v57)

Via anticommunitivity, for the first step and cyclic property of the trace for
the second step.

Tr(vsy,) =0

The four by four spin matrices, contain

i i
Tr(ow) = Tr(g 0w wl) = 5Tr(nw = 1)

Now for any n x n matrices U and V



Tr(UV)=Tr(VU)
Thus

Tr(ou) =0
Linear independence of 1 , 5 and v, means if

Al + Bys + Cypu =20
then

A=B=C=0
I can show A = 0 by multiplying by 1 and taking the trace:

Tr(Al+ By +Cv,) =0
Tr(Al) + Tr(Bvys) + Tr(Cv,) =0
and from above, the last two terms where shown to be zero,
Tr(A1) =0

If A =0 then Bys + Cv, = 0 must imply B and C are zero for linear
independence. Multiplying by 145 and taking the trace again,

Bl +Cyuyvs =0
Tr(B1) = =Tr(Cyuys)
Tr(B1)=0

Thus we have left,
Cy, =0
which implies

And we have shown that 1, v5 and v, are linaer independent.
b. Here we have



1% 1 174 v
Yy = nuty” = §mw{v“m Y=t =4

where T used {y*,~y"} = 2np*”.

So we’ve got:

It’s not hard to simplify y*v"~,, just apply the anticommutivity property,

YA v = 0" =Y ) = 29 — v

and from the above box,

Yy v =29" =" -4

| 7" = 20

The same process goes for y#v"~*y, :

VA Y = (20" = ") ()
Using the above box

29°9" — A Py = 29P9 — 47 (=29F) = 2V +47F)

applying the anticommuntivity property,

YA Py, = 2{7", 7"} = 4"

| V"9 = 40"

¢. The trace can be found though anticommutation and cyclicity.
Tr(y*y") = Tr2n™ -1 —~4"7")
Cycle the last term and recall the Tr(1) = 4:

Tr(yH~y") = 20" -4 = Tr(y"~")

Bring the last term to the other side and viola:

| Tr(yiy”) = 4n

Next, any odd number gamma trace will be zero, for this three gamma trace

we have,

Tr(y'7"") = Tr(v*7°77"7")

10



as v°9® = 1, and since {7°,v*} = 0 I can say
Tr(y'y"7") = =Tr(v*y77"7"7°)
Cycle through

Tr(Y'9"y*) = =Tr(y*7°y7"4") = =Tr(y77"~")

As the trace equals the negative of itself, it must vanish:

’TT(’W’Y"’YP) =0 \

Lastly, we can evaluate Tr(y*~”~~v?) through repeated use of the anticom-
munitivity relation.

Tr(y"y"yP7) = Tr2n" vy —4"+"+777)
Apply it again,

Tr(v#9"~Py7) = Tr2n""vPy7 = 4" 20"y + 4"v77477)
and again,
Tr(yHy"yPy7) = Tr2n"" 7 77 — 4201097 + 4792017 — 4"y 77 4H)
Bring the last term over to the otherside after cycling it once and we get

2-Tr(Y"y"y"y7) =2 Tr(n"" "y = """y +4"+"n"7)
Using our Tr(y#~¥) = 2n** from above,

| Tr(y9"7%7%) = A — o + o) |
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